Abstract. Many students first learn of the law of reflection when they are told about the reflective properties of conics. Typically students are exposed to a curve or surface, and then its reflective properties are derived or verified. In this paper we explore reflection by starting from a desired property of an unknown reflector and proceeding to find a reflector with those properties. This is done in the context of finding a reflector that produces uniform illumination of nearby objects. The reflectors considered are those whose analysis can be reduced to studying curves in two dimensions.
Introduction.
Reflective surfaces are widespread in our society, so much so that we tend to take them for granted. A child who has made a periscope from cardboard, tape, and two small mirrors implicitly understands the application of the basic principle of reflectors. The basic principle is, of course, the law of reflection: the normal to the mirror bisects the angle formed by the incident ray and the reflected ray (Figure 1.1) .
Calculus students often meet the law of reflection while verifying the reflective property of conic sections. Frequently, the reflective property of the parabola is stated (Figure 1 .1) and then verified.
Rather than starting with a curve and finding its reflective property, we shall begin with the reflective property and find a family of curves with that property. That is, we will work the inverse problem. We shall prescribe a property and ask what curves satisfy it. The understanding that one gains from verifying or finding the reflective property of a parabola (or other conics, for that matter) fails to provide a method that can be exploited to develop reflectors with a desired reflective property.
We develop a general method to solve this problem when the analysis of the reflecting surface can be reduced to a two-dimensional curve with a point light source emitting light uniformly in all directions. This includes infinite-length reflectors that are generalized right cylinders, or "trough" reflectors with a light source that is a line parallel to the axis of the cylindrical reflector, emitting light uniformly along its length and in all directions. We can consider this an idealized model for designing a reflector for a long thin straight fluorescent light source. Our goal will be to design a reflector that uniformly illuminates a flat surface parallel to a fluorescent bulb. The flat surface may be thought of as the diffusing panel of a typical fluorescent hallway fixture or a sidewalk below a light source. The method used can be generalized to include surfaces that can be represented in polar coordinates.
The approach that is taken relies on vector calculus and is accessible to students studying third-semester calculus or differential equations. The broad thrust of this paper is to lead students away from finding solutions to equations, toward finding equations that describe solutions.
From Reflective Properties to Curves.
To begin, we introduce coordinates that place the light source at (0, 0), and we assume that the cross section perpendicular to the axis of the cylindrical reflector is an unknown curve r(t) = (x(t), y(t)), where the functions x(t) and y(t) are differentiable and never simultaneously zero. (It would not work well to have the reflector pass through the light source.)
The vector r(t) describes not only the reflecting curve, but also the direction of the light ray incident at the point (x(t), y(t)). The reflected direction of the light ray incident at r(t) will be indicated by the unit vector v(r). We shall assume that the incident ray, r, never has the same direction as the reflected ray, v, since in that case the incident ray is not reflected.
The desired reflecting property must be incorporated into v(r); examples and exercises will indicate how this is done. For the present we assume that v(r) is known.
The unit vectors r/ r and v form the sides of a rhombus (see Figure 2 .1). Since the diagonals of a rhombus bisect the angles of the rhombus, the vector If n(r) = (n 1 , n 2 ), then n ⊥ (r) = (−n 2 , n 1 ) is perpendicular to n and, more importantly, tangent to the reflector at r. By our assumption that v and r never have the same direction, n(r) and n ⊥ (r) are never zero. Thus, n ⊥ (r) is everywhere parallel to r . Then, just as any differentiable curve can be reparameterized to make its tangent vector r of unit length (by using arc length as the parameter rather than t), our reflector curve could in principle be reparameterized to make r everywhere equal to the vector n ⊥ (r). Denote this parameterization by r(τ ). Our reflector curve will satisfy the autonomous differential equation
An initial condition for (2.1) fixes a point through which the reflector must pass.
If we can solve the initial value problem (2.1), the solution will provide a parametric representation of the reflector's cross section that passes through the point given by the initial condition and produces the desired reflected rays v = v(r) for all incident rays r.
It is often difficult, if not impossible, to solve the resulting differential equation in closed form, but numerical methods can always be used to find an approximate solution that can be plotted and then used as a template for the reflector.
Consider the simplest case where v = v(r) is a constant, say, v = (1, 0). As we know, the reflector should turn out to be a parabola opening to the right with focus at the origin. If r = (x, y) is a general point on the reflector, then
and (2.1) becomes
This system of differential equations describes the set of all curves that reflect light emanating from (0, 0) parallel to v = (1, 0).
2) is certainly not the typical set of differential equations for parabolas. To see that parabolas are solutions, consider the slope of the reflector at (x, y):
Substitution of x = y 2 /(4a) − a verifies that the solution is a parabola with focus at the origin. (See [6] for an alternative derivation of this differential equation and its solution by traditional means.)
The important point to note is that we started with the desired reflective property and found equations that defined a set of curves with that property. In a similar manner differential equations for other conic sections can be derived from their reflective property.
Exercise: Find (2.1) for a reflector that reflects all light rays emanating from the origin to the point (5, 2) . This is the reflective property of an ellipse with foci at (0, 0) and (5, 2). (Hint: If (x, y) is a point on the reflector, then v is the unit vector that gives the direction from (x, y) to (5, 2).)
Exercise: Find the equations that describe a reflector that exactly doubles the illumination on the line x = 1. This can be done by "redirecting" the light that would have gone to the point (−1, s) to (1, s). To find v, consider the light ray to (−1, s). It hits the reflector at some point r = (x, y) and is sent to (1, s) . Using similar triangles it is possible to find (2.1) by finding s in terms of x and y and then computing v(r).
3. Uniform Illumination. Let's consider the problem posed at the beginning: Design a reflector that uniformly illuminates a flat surface parallel to a long fluorescent bulb. We use the distance from the light source to the flat surface as a unit distance; thus the flat surface may be idealized as the line x = 1.
Both direct and reflected light must be considered. The reflected light must compensate for the variation of the direct illumination. Typically in reflector design either the direct light component is ignored [1, 3, 5, 4] or the reflected light component is ignored [2] . Sometimes the nonuniformity of the direct light is exploited by adding several light sources over a surface hoping to compensate for the uneven illumination of a single light [2] .
Direct Illumination Levels.
When considering a linear light source (represented by the origin under our simplifying assumption) that emits light uniformly in all directions, illumination is measured in radians per unit arc length along the illuminated surface (see Figure 3.1, right panel) .
Suppose the illuminated curve has polar coordinates R = R(θ). Then the average illumination over a segment is proportional to |∆θ/∆s|, where ∆s is the length of the arc spanned by ∆θ. We shall assume for simplicity that the constant of proportionality, which has to do with the intensity of the light source, can be normalized to 1.
Direct illumination at a point, I dir , is found by taking the limit as ∆s → 0, so I dir = dθ ds . Thus, using the formula for arc length in polar coordinates, we have The total direct light falling on an interval is, as it should be,
which is the angle subtended by the portion of the curve between the points s = s 1 and s = s 2 .
The direct illumination on the line x = 1 is easily computed from its polar form R(θ) = sec(θ). Equation (3.1) becomes
The signed arc length s along the line x = 1 starting at (1, 0) is simply the y coordinate, but we shall continue to denote it by s since we want to save x and y for later use as coordinates of the reflector. From the right triangle in the left panel of Figure  3 .1, we see that cos(θ) = 1/ √ s 2 + 1, so
As expected, the maximum direct illumination on x = 1 occurs at the point closest to the light source (1, 0) and falls off rapidly and symmetrically on either side.
Reflected Illumination.
The reflected light must compensate for the rapid fall off in the direct illumination. To produce uniform illumination level K on a line segment of x = 1, we must have a reflected illumination, I ref , of
over the line segment. Since illumination levels are additive, the maximum of I dir on the line segment is the minimum possible uniform illumination. The maximum of 
Reflector Curves.
The level of reflected illumination is found in the same way as direct illumination, thus I ref = |dβ/ds|, where β is the angle along which the light ray is emitted from the origin. (This assumes that the mirror reflects light perfectly.) The difference between direct illumination and reflected illumination is that the angle at which the light ray is emitted from the origin is not directly toward the final point of illumination.
For the reflected light rays to produce uniform illumination we must have
Integrating (3.4) leads to an equation for β:
Note that dβ/ds is of one sign and nonzero (except possibly at isolated points; e.g., s = 0 when K = 1), so β(s) is an invertible function s(β) = β −1 (s). The reflector can be described as the curve that sends the light ray emitted at angle β to the point (1, s(β) ). The constant C determines which light ray is sent to the point s = 0, that is, (1, 0) . The sign on the derivative drastically effects the final curve. Although both curves will have the desired property, one curve generally will result in a reflector that is undesirable.
In our example it works best to have β move clockwise while s increases, thus we shall choose dβ/ds = −(K − 1/(1 + s 2 )). Once the sign and C are chosen, the function s(β) is uniquely determined.
In order to find the equations that describe the reflecting curve we need to prescribe v(r). If r = (x, y) is an arbitrary point on the reflecting curve, then v is the unit vector that gives the direction from (x, y) to (1, s(β) ), where β = tan −1 (y/x). Thus,
Applying (2.1) and separating the components gives the following system of differential equations:
Since β = tan −1 (y/x), the system is autonomous and the solution of the system gives the family of curves that have the desired reflective property and can be numerically computed.
There is one slight problem in trying to compute the solution numerically: s(β) is a function that is known only as the inverse of β(s). There are two possible solutions to this problem; the first is to numerically invert β(s) while computing the solution to the system (3.5)-(3.6), and the second is to add another equation for ds/dτ .
We will take the second approach. Even though the equation is messy, it admits a number of advantages: (1) it allows use of standard numerical integration packages, (2) it avoids problems with β = tan −1 (y/x) being a discontinuous function of x, (3) the image point (1, s(τ )) of the light ray reflected by (x(τ ), y(τ )) is computed at the same time as the curve is computed, and finally (4) in many cases dβ/ds cannot be integrated to find β(s) (as we have done), so s(β) can only be found from ds/dβ = (dβ/ds) −1 . There is one disadvantage to this approach. It may introduce singularities where dβ/ds = 0. In the case of minimal illumination (K = 1), the equation for ds/dβ introduces a singularity at s = 0.
Using the inverse function theorem rule for derivatives and implicit differentiation, ds/dτ can be found:
Since dx/dτ and dy/dτ are known to be functions of x, y, and s, the equations (3.5), (3.6), and (3.7) form an autonomous system. The initial conditions determine a point on the reflector and location to which that point reflects its light. We have used (3.5), (3.6), and (3.7) together with Maple to compute two curves that produce uniform illumination on segments of the line x = 1 and to compute a template for a reflector that produces uniform illumination on a path.
In the same range of τ . The abscissa of the right graphs correspond to the final point of illumination on the line x = 1. Thus, the projection onto the abscissa gives the interval of uniform illumination on the line x = 1. Figure 3 .5 provides a template of a reflector that uniformly illuminates a path 10 times brighter than the direct illumination directly below the light. The path is 4 feet wide and 2.5 feet away from a 10-foot wall, and the light tube is 0.5 feet away from the wall.
